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Today’s Lecture

« QOracles for Convex Sets
« Oracles for Convex Functions

- Separation for Convex Set
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Oracles for Convex Sets

Membership oracle (MEM):

Input: y € R"

Output: “y € K” or “y & K”
Separation oracle (SEP):

Input: y € R"

Output: “y € K" orc € R"sit. (¢, x) < (c,y) Vx €K
Validity oracle (VAL):

Input: c € R"

Output: “K = @” or max({c, x)
xEK

Optimization oracle (OPT):

Input: c € R"
Output: “K = 0" ory € Kst.(c,x) <{c,y) Vx EK
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Oracles for Convex Sets

Membership oracle (MEM): Separation oracle (SEP):

Input: y € R" - Input: y € R"

Output: “y € K" or“y ¢ K” - Output: “ye K”orc e R"st.{c,x) <(c,y) Vx EK
Validity oracle (VAL): Optimization oracle (OPT):

Input: c € R" - Input:c € R"

Output: “K = @” or I;IEE}'?«C, x) - Output: “K =0"ory € Kst.(c,x) <(c,y) Vx EK

The complexities of these oracles depend on the problem
If K = {Ax < b}, then SEP/MEM are easy while VAL/OPT need to solve a linear program

If K = conv({a;}), then VAL/OPT are easy since we just need to check (c, a;) for each i
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Oracles for Convex Sets

Suppose there are n factories such that each factory can use resources (13, ..., 7,) € R¥ to produce goods
(g1, -, gs) € RL. We use avector a = (13, ..., Tk, §1, -., §p) € RET to represent it

Factory Resources Goods

Foray, ..., a, € R we define the Zonotope as

n
K::{ /liaiERk-I-{:OS/liSlViE[n]}
=1

- How to implement MEM, SEP, VAL, OPT for K?
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Oracles for Convex Sets

For ay, ..., a, € R we define the Zonotope as

n
K::{ AiaiERkH:OS/liSlViE[n]}
i=1

- How to implement MEM, SEP, VAL, OPT for K?

Membership oracle (MEM): Separation oracle (SEP):

Input: y € R" - Input: y € R"

Output: “y € K" or “y & K” - Output: “ye K”orc e R"st.{c,x) <(c,y) Vx €K
Validity oracle (VAL): Optimization oracle (OPT):

Input: c € R" - Input:c € R"

Output: “K = @” or me}g<(c, x) - Output: “K =@"ory € Ks.t.{c,x) <({(c,y) Vx EK
X€E
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Detour: Duals of Convex Sets

The polar of a convex set K is defined as
K°={yeR":{(x,y) <1Vx € K}

Theorem. Let K € R™ be convex and compact, and B(0,7) € K € B(0,R). Then
K° is convex and compact, and B(0,1/R) € K° € B(0,1/1)
(K°)° =K
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Detour: Duals of Convex Sets

Lemma. Let K be a polytope with 0 € int(K)
1. IfK =conv({ay,...,ay}),thenK° ={y: {a,,y) <1,..,{(ay,y) <1}

2. fK={x:{a;,x)<1,..{(ay, x) <1}, then K° = conv({a,,...,ay})

Proof of 2.
let A € RY, withA; + -+ Ay =1
(SN, Aa;,x) < 1forallx € K N/
Thus, C == conv({a;}) € K°
Oe

(a,9) <B <(y,g) Va€eC
We can scale g so that{a;,g) < 1 <(y,g) Vi € [N]

Suppose y € C. Then 3 separating hyperplane: >

Thus,g € Kandy & K°
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Oracles for Convex Sets

4 N\ e
CPM
OPT for K === — = — SEP for K
\ / \
4 I 4
CPM
SEPforK°® pF------ » OPTforK®
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Oracles for Convex Sets

/

OPT for K

\

\ 4

/

)

\_

SEP for K°

)

\_

OPT for K°

\ 4

For the input y € R", query the optimization oracle OPT for K

If max(y,x) <1,theny € K°
XEK

Otherwise, let x* := arg max(y, x)
XEK

Then, return x* since (x*,w) < 1forallw € K° and (x*,y) > 1

Since (K°)° = K, we can also use OPT for K° to implement SEP for K
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Today’s Lecture

« QOracles for Convex Sets
« Oracles for Convex Functions

- Separation for Convex Set
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Oracles for Convex Functions

Evaluation oracle (EVAL):
Input: y € R"
Output: f(y)
Subgradient oracle (GRAD):
Input: y € R"
Output: f(y) and g € R" such that f(x) = f(y) + (g, x —y) Vx € R"

For any function f, its convex conjugate is defined as

f*(y) = sup{x,y) — f(x)

XERN

> f*(y) is convex

> Or(c) =suplc, x),i.e., VAL for K = EVAL for 6y

XEK
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Oracles for Convex Functions

Lemma. For any convex, closed, and proper f, its convex conjugate f* is convex, closed, and
proper. Moreover, forany y € R", x € df*(y) iff x € argmax(y, x) — f(x)
X

Proof sketch.
Sincex € 0f*(y), f*(w) = f*(y) + {(x,w—y) forallw € R"
(y,x)— f*"(y) =(w,x) — f*(w) forallw € R"
yx) = f(y) =% = flx)
Thatis, f*(y) < (y,x) — f(x), which implies that x € arg my?x(y, x) — f(x)

Fact. For closed, proper, andconvex f, f™ = f

» 00kx(c) =arg mEaK;((c, x), i.e., GRAD for 6 = OPT for K
X

> GRAD for f* can be implemented with @(n) queries to GRAD for f (via cutting plane method), and vice
versa
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Oracles for Convex Sets and Convex Functions

OPT(K) = d57%

VAL(K) = &%
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Gradient Estimation

If f is in C1, then the gradient can be approximated by a finite difference with sufficiently small h:

Of _flx+he) ~ f(x)
6xi B h

And it takes n + 1 queries to EVAL to estimate Vf(x)

+ O0(h)

However, convex function may not be differentiable

Lemma. For any L-Lipschitz, convex function f: B} — R, V?f(x) exists almost everywhere and
Eypr [IV2F(0)1I] < L

Thus, we can evaluate gradient by randomly perturb x and apply the finite difference
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Gradient Estimation

Lemma. Let B, (x,7) :={y: |ly —x||lo <7}.Forany0 <7, <1y andany f : B,(0,1; +15,) —
R, suppose ||Vf(2)|| < L forany z. Then, we have
Y,
[Ey~Boo(x,r1) ]Ez~Boo(y,r2)[”vf(Z) — g(y)lll] < ng/er_l
where g(y) = E, g (yr)|Vf(2)]
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Proof.

Define a smoothed function h;:
h(y) = 2r)™ - (f * 1 (0,r)) V) = Ezup (3 [f(2)]
We have Vh(y) = g(¥) and [[VA(Y)|lo < L

By the divergence theorem (or integration by parts),

f ( )Ah(y)dy= (Vh(y),n(y))dy
Boo(Xx,71

0B (x,11)

— — L
Thus, IEy~Boo(x,r1) [Af(}’)] = (2T1) . 271(21‘1)" L. L = =

™
Define coordinate-wise deviations:

wi(z) =(Vf(z) —g(y),e) Vi€|[n]
We have E, 5 (yr)lw;i(2)] =0

By the Poincaré inequality on the box,

j Iwi(Z)Iszrzj
BOO(yJTZ)

Ve, (Dll,dz =7, f IV2F () ez
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Proof.

— —_ L
Thus, ]Ey~Boo(x,r1) [Af(Y)] = (27‘1) " 2n(2r1)" L. = e

™

By the Poincaré inequality on the box,

j 0 (2)|dz < 7, j IVoy(2)l,dz = 7, j IV2£(2)ell,dz
Boo()’rrz) Boo()’rrz) Boo()’rrz)

Since f is convex, V2f = 0 and ||[V2f(2)||r < Af(2)

We get that
f IVF(2) — g, dz < V7r, j Af(z)dz
BOO(yITZ)

BOO ()’;7'2)

Thus, we have

E,E,[IVf@) — gll,] < n3/2L:—j
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Detour: L{- Poincaré Inequality

Theorem. Let () be connected, bounded and open. Then the following inequality holds for any
smooth function f: {1 - R

- [rooas| (s %Sy 1ot
— T x)ax = | Su
ol Jq s \sen 19SI19] Lo

If O = B.,(0,R), then the L!-Poincaré constant equal to R (dim-independent)

AN
AN
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Gradient Estimation

Algorithm 10: SubgradConvexFunc(f,xz,r, <)

Require: r; > 0, [|0f(2)], < L for any z € B (z,2r). ;
Set r9 =

£7T1

NI

Sample y € B (z,r1) and z € B, (y,r2) independently and uniformly at random.
fori:=1,2,--- ,ndo

Let a; and f3; denote the end points of the interval Buoo(y,72) N{z + se; : s € R},
Set §; = L (B )2;5 (29) \here we compute f to within £ additive error.
end

Output g as the approximate subgradient of f at x.

Lemma (Approximate subgradient). Let; > 0 and f be a convex function. Suppose that
10f (2)|l, < L forany z € B, (x,2r;) and suppose that we can evaluate f to within € additive
error for € < rj\/nL. Let § = SubgradConvexFunc(f, x, 1y, €). Then,

fOzfx)+(g.y—x —lly — xllos —4nr, L

where { = 0 is a random variable with E[{] < 3 %n5/4
1
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Gradient Estimation

Lemma (Approximate subgradient). Let ; > 0 and f be a convex function. Suppose that ||0f(2) ||, < L for
any z € B, (x, 2r;) and suppose that we can evaluate f to within ¢ additive error for € < r;\/nL. Let g
= SubgradConvexFunc(f, x, 1y, €). Then,

f@)=fx)+(@gy—x)—lly — x|l —4nrL

where { = 0 is a random variable with E[{] < 3 i—€n5/4
1

Proof.

Assume f is twice-differentiable and € = 0. Let g(y) == E,.p_(y)[Vf(2)]

]Ez~Boo(y,r2)[|gi — .9()’)1” — IE:z f(pl)Z; f(ai)
I 2

- g(»);

1 (|of
< ) — .

1of
=E, | a—xl_(Z) — g()’)i“ (z + se; ~ Bo,(y, 1))
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Gradient Estimation

Proof.

- Assume f is twice-differentiable and € = 0. Let g(y) = E,.p_(yr)[Vf(2)]

IEz~Boo(y,r2)[|gi — g(}’)l” = E, f(ﬂl)2; f(ai) — ( )i

1 [|of
< ) — .

=E, —(z) 9g(y); “ (z + se; ~ B (y,13))

+ Thus, E,llg — Vf(DIl1] < E,lllG — gl ] + Elllg(y) = Vi(2l1] < 2E,[lIIVf(z) — g(»ll4]
- The convexity of f gives that

f¥) = f(2) +{Vf(2),y —2) = f(2) +(g,y —x) +{Vf(2) = G,y — x) +(Vf(2),x — 2)
= f(2) +(g,y —x —IVf(2) — gllilly — xllec — IV (2Dlcollx — 2l]4
= f(x) +(g,y —x) = IVf(2) = Gll.lly — xll — 2LIIx — zl|,
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Gradient Estimation

Proof.
f) =fx)+(G,y—x)—IVf(2) — gll:lly — xll« — 2L|[x — z]|4
By definition,||x — z||; < nl||x — z||, < n(ry + 1) < 2nny

By the previous lemma,

E,E,[1V/ () ~ §l:] < 2E,E,[IV/ () ~ g0 ll] < 2n*/2L:2

Thus, f(¥) = f(x) +(g,y — x) — {lly — xllc — 4nryL

If f can only be evaluated with € additive error, then it introduces ri error to g;, which gives
2

r, €n
E[{] < 27’13/2Lr—2 +— < 3/ Le/r; n®/*
1 T2
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Today’s Lecture

« Qracles for Convex Sets
« QOracles for Convex Functions

- Separation for Convex Set
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Separation for Convex Set

Theorem (MEM to SEP, Lee-Sidford-Vempala '17). Let K be a convex body s.t. B} € K € RB7.
Then, forany 0 < n < 1/2, we can compute an n-approximate separation oracle for K using
O(nlog(nR/n)) queries to a membership oracle for K

If |yll, > R, then we just return the separating plane for RBY:
{x:0=(x-y,)

Consider the segment from 0 to y, and let z be the point on the
boundary of K

We will compute a supporting hyperplane of K at z
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Separation for Convex Set

We introduce the depth function:

dy(x):zsup{azozx+a 24 EK}
lyll,

The maximum is guaranteed to exist since the set on the right is nonempty, closed, and bounded
We will show that the subgradient of d,, can serve as an approximate separating hyperplane
Lemma.

- Foranyx € K, d,(x) € |0,2R]. We can compute d,(x) up to § additive error using
O(log(R/6)) queries to a membership oracle for K (using binary search)

d. is concave

y

+ dyis (ffg)-Lipshitz on B(0,6) forany§ <r
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Separation for Convex Set

Recall the §-neighborhood K5 := {x € R" : d(x,K) < 6}
We define K_s :=={x € K : x + §B} € K}

Consider the approximate MEM and SEP: Algorithm: Separatee’p(K, y)

n
Separation oracle (SEPs(K)): Ity € K ory € RB;

Input: y e R", 6§ > 0
Output: “y € K5” or unit ¢ € R" s.t. - Kk=R/randr = nl/6g1/3R2/3 )1
(c,x) <(c,y)+06 VxEK_;

Compute g = SubgradConveXFunc(—dy, 0,7y, 46)
Membership oracle (MEMs(K)):

Output:
Input: y e R", 6§ > 0

50
Output: “y € Ks" or “y € K_5" {x : 7n7/6R2/3K€1/3 > (g, x — )’)}
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Separation for Convex Set

Lemma. Let K be a convex set with rB} c K € RBY}. For any p € (0,1) and sufficiently small €,
with probability 1 — p, Separate, ,(K, y) outputs a halfspace that contains K

Proof.

We know that —d,, is convex and 3k-Lipschitz on (g) B}

Fore < O(R/n?), B,,(0,2r;) C G) B}

Thus, SubgradConvexFunc ensures that
—dy(x) = —d,(0) +(g,x) — {llx[|lc — 12nrk VX EK

Note that —x 1y = —r% € rB} c Kandd,(—k'y) = d,(0) + k~{yll,

¢

N+ 1Yl + 12773

d,(0) + % Iyll, = a, (— %) <d,(0) — <g, _E>
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Separation for Convex Set

Lemma. Let K be a convex set with rB} € K c RBZ. Forany p € (0,1) and sufficiently small €,
with probability 1 — p, Separate, , (K, ¥) outputs a halfspace that contains K

Proof.

Thus, we get that
(G5 = llyll; = llylle — 1207y

We have proved that 0 < d,(x) < d,(0) — (g, x) + {llxll + 12nryk? forallx € K

We claim that (1 — 5) KcK_,

Foranyy € K, let z := (1—§)y

Forany u € eB7}, letw := Eu ErB} c K

Then,z+u = (1 —§)y+§w € K since K is convex
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Separation for Convex Set

Lemma. Let K be a convex set with rB} c K € RBY}. For any p € (0,1) and sufficiently small €,
with probability 1 — p, Separate, ,(K, y) outputs a halfspace that contains K

Proof.

Thus, we get that
Gy = llyll; = ¢lIylle — 120112

We claim that (1 — 5) KcK_,

Sincey € K_, by assumption, we have y & (1 — E) K

} c K and in particular, ( — E) lel(noz)y € (1 — E) K

0
By definition, {ty 0<st< Tlif(ll )
2

Thus, (1 - £) 22

<1 =|lyll; > d,(0) —fdy(O) > d,(0) — ek (since K € RB} and k = g)

r
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Separation for Convex Set

Lemma. Let K be a convex set with rB} c K € RBY}. For any p € (0,1) and sufficiently small €,
with probability 1 — p, Separate, ,(K, y) outputs a halfspace that contains K

Proof.
0 < dy(0) — (g, x) + lixll + 12017 K2

G,y = lyll, — Cliylle — 12nr; k2

dy(0) < lIyll, + ex

0 < lIyll, + ex — (G, x) + Cllxll + 1207, K?
<(g,y —x)+ {(lxllo + [[ylleo) + 24nr K* + €K
<{(g,y — x) + 2ZR + 25nr;k?

We also have E[{] < 3 /4T—Len5/4 — 6 /%nSM
1 1
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Separation for Convex Set

Lemma. Let K be a convex set with rB} c K € RBY}. For any p € (0,1) and sufficiently small €,
with probability 1 — p, Separate, ,(K, y) outputs a halfspace that contains K

Proof.
0<(g,y—x)+ 2(R + 25nr,k?

We also have E[{] < 3 /%rﬁ/‘* =6 /%nSM
1 1

Thus, forany x € K, (g, x — y) < {, where
E|¢| < 124/3xe/r nS/4R + 2501 k? < 50n7/6R?/3¢1/3
if we take r; = n'/®R?/3¢1/3 /i

By Markov inequality, with probability 1 — p, { < 50n7/6R?/3¢1/3k /p

February 27,2026 31



Separation for Convex Set

Theorem. Let K be a convex set withrB} € K € RB%. Forany 0 <1 < 1/2, we have that
SEP,(K) < 0(n log(mcR/n))MEM(n/nKR)O(l) (K)

Proof.
h, (x) can be computed within § error using O(log(R/8)) queries to the membership oracle
We have shown that g = Separates ,(K,y) is a separating hyperplane, except || g||, # 1

We know that (g, y) = llyll, — {llylle — 12nr k?. We claim that ||g]l, = 1/(4k)
yeEK s = |yll,=r—6=>1r/2
12nry k% = 12n7/6R2/351/3y

6V3
iyl < Tn7/6R2/351/3K

pR1/3
100n7/6x2

r
4llyll2

3
If we take § < ( ) ,then(g,y) =r/2—7r/4 =r/4, and thus ||gl|, = > ﬁ
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Separation for Convex Set

Theorem. Let K be a convex set withrBY € K € RB}. Forany 0 < n < 1/2, we have that
SEP,(K) < 0(n log(mcR/n))MEM(n/nKR)o(l) (K)
Proof.
h,(x) can be computed within § error using O(log(R/5)) queries to MEMs(K)
We have shown that § = Separate;s ,(K, y) is a separating hyperplane, except ||gl|, # 1
We know that (g, y) = |lyll, — {llyllc — 12n1yK%. We claim that ||gll, = 1/(4k)

After re-scaling §, we obtain a separation oracle with error 200n”/6R?/3§/3x2 /p and failure
probability O(nlog(R/8) 6 + p)

Thus, for SEP, (K), we need to choose § and p such that

pR1/3 )3

< 200n7/6R2/351/3k2 /p O(nlog(R/S) & , § <
n_max{ n k*/p,0(nlog(R/6) ‘|‘P)} (100n7/6,€2
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Separation for Convex Set

Theorem. Let K be a convex set withrB} € K € RB%. Forany 0 <1 < 1/2, we have that
SEP,(K) < 0(n log(mcR/n))MEM(n/nKR)O(l) (K)

Proof.

Thus, for SEP, (K), we need to choose § and p such that
3

R1/3
n < max{200n7/6R2/351/3K2/p,O(n log(R/5) 6 + p)}, 6 < < P )

100n7/62

It suffices to choose

6
n
p = \/n7/6R2/3K251/3; 6=0 <n7/2K6R2)
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Oracles for Convex Sets and Convex Functions

OPT(K) = d57%

VAL(K) = &%

February 27, 2026
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